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REFLEXIVITY REVISITED
MOHSEN ASGHARZADEH
ABSTRACT. We study some aspects of reflexive modules. For example, we search conditions for
which reflexive modules are free or being very close to free modules.
1. INTRODUCTION
In this note (R,m, k) is a commutative noetherian local ring and M is a finitely generated R-
module. The notation M stands for a general module. For simplicity, M∗ := HomR(M, R).
Then M is called reflexive if the natural map ϕM : M → M
∗∗ is bijection. As a generalization
of Seshadri’s result, Serre observed over 2-dimensional regular rings that finitely generated re-
flexive modules are free at 1958. It seems freeness of reflexive modules is subtle even over very
special rings. For example, in [21, Page 518] Lam says that the only obvious examples of reflexive
modules over R := k[X,Y]
(X,Y)2
are the free modules Rn.
Problem 1.1. (See [15, Page 380]) When finitely generated reflexive modules are free?
Over reduced rings, problem 1.1 completely answered (see Remark 6.1). Ramras proved any
finitely generated reflexive module over BNSI (betti numbers strictly increasing) rings is free. We
present some applications of this result. Also, we introduce the class of eventually BNSI rings and
we study freeness of reflexive modules over them. We know any nonzero free module decom-
poses into a direct sum of rank one submodules. Treger conjectured (see [39, Page 462]):
Conjecture 1.2. Let (R,m, k) be a complete local (singular and containing a field) normal domain
of dimension 2 where k = k and char(k) 6= 2. Then R is a cone such as
k[[x,y,z]]
(x2+y2+z2)
if and only if
every nonzero reflexive module M decomposes into a direct sum of rank one submodules.
§2 connects reflexivity to the finiteness conditions. As an application, we study the following:
When quasi-reflexive modules are flat? §3 collects different notions of reflexivity. Proposition 3.4
supports a question of Iyengar. §4 deals with freeness of reflexive modules over some classes
of rings. In §5 we investigate the reflexivity of dual modules. In §6 we settle Conjecture 1.2.
In §7 we deal with a question of Braun: Let I ✁ R be a reflexive ideal of a normal domain with
idR(I) < ∞. Is I ≃ ωR? In §8 we descent freeness (resp. reflexivity) from the endomorphism ring
to the module. This inspired by the paper of Auslander-Goldman. Similarly, we descent some
data from the higher tensor products to the module. In particular, we slightly extend some results
of Vasconcelos, Huneke-Wiegand and the recent work of Cˇesnavicˇius.
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22. REFLEXIVITY AND FINITENESS
All rings are noetherian. Following Bass,M is called torsion-less if ϕM is injective (this some
times is called semi-reflexive). A torsion-less moduleM is noetherian if and only ifM∗ is noe-
therian. Submodules of a torsion-less module are torsion-less. We sayM is weakly reflexive if ϕM
is surjective. In general, neither submodule nor quotient of a weakly reflexive module is weakly
reflexive.
Observation 2.1. Let (R,m) be a zero-dimensional Gorenstein local ring. The notation weakly
reflexive and finitely generated are the same. In particular, (weakly) reflexivity is not closed under
taking direct limits.
Proof. Here we use the concept of Gorenstein-projective. For its definition, see [10, 4.2.1]. Since
R is zero-dimensional and Gorenstein, any module is Gorenstein-projective (see [10, 4.4.8]). It
follows by definition that any module is a submodule of a projective module. Over local rings,
and by the celebrated theorem of Kaplansky, any projective module is free. Combining these, any
module is a submodule of a free module. It follows by definition that any module is torsion-less.
Now, letM be weakly reflexive. Thus, M is reflexive. It is shown in [35, Corollary 2.4.(4)] that
over any commutative artinian ring, every reflexive module is finitely generated. By this, M is
finitely generated. Conversely, assume that M is finitely generated. Since R is zero-dimensional
and Gorenstein, M is reflexive. To see the particular case, we remark that any module can be
written as a directed limit of finitely generated modules. We use this along with the first part to
get the claim. 
Discussion 2.2. The zero dimensional assumption is important. Indeed, by [21, Ex. 2.8’(2)],
⊕
N Z
is reflexive. This is one of two extra-credit exercises in the book [21].
There are flat modules that are not reflexive, e.g. the vector space
⊕
N Q and the abelian group
Q. In order to handle this drawback, let R be a normal domain of dimension bigger than zero.
Following Bourbaki,M is called quasi-reflexive ifM =
⋂
p∈Spec(R),ht(p)=1Mp where we compute
the intersection inM0. Yuan proved that any flat module is quasi-reflexive (see [45, Lemma 2]).
Lemma 2.3. Let (R,m) be a normal domain of dimension bigger than zero andM be quasi-reflexive. Then
there is a family of finitely generated and reflexive modules {Mi}i∈I such thatM = lim−→
Mi.
Proof. There is a directed family {Ni}i∈I of finitely generated submodules ofM such thatM =
lim
−→
Ni. For each i, we set Mi :=
⋂
p(Ni)p. We note that Mi ⊂ M and Mi ⊂ Mj provided Ni ⊂ Nj.
From these, M = lim
−→
Mi. We know that N
∗∗
i is finitely generated and reflexive. By e.g. [45,
Proposition 1], N∗∗i ≃
⋂
p(Ni)p. So, each Mi is finitely generated and reflexive. This completes
the proof. 
Proposition 2.4. Let (R,m) be a regular local ring of dimension at most two. There is no difference
between flat modules and quasi-reflexive modules. In particular, any direct limit of quasi-reflexive modules
is quasi-reflexive.
Proof. Recall that any flat module is quasi-reflexive. Conversely, let M be quasi-reflexive. By
the above lemma, there is a family of finitely generated reflexive modules {Mi} such thatM =
3lim
−→
Mi. By the mentioned result of Serre, each Mi is free. Clearly, direct limit of free modules is
flat. We apply this to observe that M is flat. To see the particular case, we mention that direct
limit of flat modules is again flat. 
Corollary 2.5. Let (R,m, k) be a normal domain of dimension bigger zero. The following are equivalent:
i) there is no difference between flat modules and quasi-reflexive modules,
ii) R is a regular local ring of dimension at most two.
Proof. i) ⇒ ii): The second syzygy of k is reflexive and so quasi-reflexive. By the assumption it
is flat. Finitely generated flat modules over local rings are free. Thus, second syzygy of k is free.
This in turn is equivalent with p. dim(k) ≤ 2. In view of local-global-principle, R is regular and
of dimension at most two.
ii)⇒ i): This is in the previous Proposition. 
In the next section we recall the concept of weakly Gorenstein for finitely generated modules
over local rings and in §4 we study their freeness. It seems the origin of this comeback to 1950
when Whitehead posed a problem: Let G be an abelian group such that Ext+(G,Z) = 0. Is G
free? Shelah proved that this is undecidable in Zermelo–Fraenkel set theory, see [36].
3. A QUICK REVIEW OF HOMOLOGICAL REFLEXIVITY
Here, modules are finitely generated. We recall different notions of reflexivity (our refer-
ence book on this topic is [10]). A reflexive module M is called totally reflexive if Exti(M, R) =
Exti(M∗, R) = 0 for all i > 0. By µ(M) we mean the minimal number of generators of M.
Observation 3.1. Let (R,m) be a local ring such that m2 = 0. Then any finitely generated weakly
reflexive module is totally reflexive.
Proof. Let M be weakly reflexive. Suppose first that µ(m) = 1. It follows that R is zero-
dimensional Gorenstein ring. Over such a ring any finitely generated module is totally re-
flexive. Suppose now that µ(m) > 1. Let D(−) be the Auslander transpose. The cokernel
of (−) → (−)∗∗ is Ext2R(D(−), R). Since M is weakly reflexive, Ext
2
R(D(M), R) = 0. Menzin
proved that ExtiR(D(M), R) = 0 for some i > 1 is equivalent with the freeness (see §4 for more
details). 
Recall that a module M is called weakly Gorenstein if ExtiR(M, R) = 0 for all i > 0, see e.g. [25].
Also, we say M is skew Gorenstein if ExtiR(M
∗, R) = 0 for all i > 0.
Definition 3.2. We say M is homologically reflexive if Exti(M, R) = Exti(M∗, R) = 0 for all i > 0.
Also, M is called strongly reflexive if ExtiR(D(M), R) = 0 for all i > 0 (in the common terminol-
ogy: M is n-torsionless for all n).
Example 3.3. Let (R,m, k) be zero-dimensional but not Gorenstein. Then k is torsion-less but nei-
ther reflexive nor weakly Gorenstein.
Proof. Since R is not Gorenstein, Soc(R) is not one-dimensional. Also, Soc(R) 6= 0 and equipped
with the structure of vector spaces. The same thing holds for its dual. In particular, the natural
4embedding k →֒ Soc(R)∗ = k∗∗ is not surjective. By definition, k is torsion-less and k is not
reflexive. Suppose on the contradiction that k is weakly Gorenstein. The condition ExtiR(k, R) = 0
for all i > 0 implies that R is Gorenstein. This is excluded from the assumption. So, k is not
weakly Gorenstein. 
The following result is a generalization of [28, Proposition 2.9] and [20, Main Theorem] (note
that any module is torsion-less if and only if any module is an infinite syzygy):
Proposition 3.4. Let (R,m, k) be local. Suppose the max and the min of Spec(R) are infinite syzygy.
Then R is zero-dimensional and Gorenstein.
Proof. Let p be a minimal prime ideal. It follows that R
p
is an infinite syzygy. The same thing
holds after localizing at p. In particular, the residue field of Rp is an infinite syzygy. By [28, 2.8]
(or directly) we deduce that Rp is of type one. Since Rp is zero-dimensional we observe that Rp
is Gorenstein. For the simplicity of the reader, we recall the following recent result ([44, Theorem
13.2]):
Under the assumption that a ring A is a generically Gorenstein, a module is totally reflex-
ive if it is infinite syzygy.
Since k is an infinite syzygy we deduce that GdimR(k) = 0. So, R is zero-dimensional and Goren-
stein. 
Proposition 3.4 supports a question by Iyengar: Suppose k is an infinite syzygy. Is R zero-
dimensional and Gorenstein?
4. BEING FREE
This section divided into three subsections: 4.A talks on the freeness of reflexive modules,
4.B deals with the freeness of totally reflexive modules, and 4.C presents some remarks on the
freeness of weakly Gorenstein modules.
Subsection 4.A: Freeness of reflexive modules. Recall that the ith betti number of M is given
by βi(M) := dimk Tor
R
i (k,M). Suppose x ∈ m is nonzero. Note that R
x
−→ R → R/xR → 0 is a
part of minimal free resolution. By definition, β0(R/xR) = β1(R/xR). By this reason, a ring is
called BNSI if for every non-free module M we have βi(M) > βi−1(M) for i > 1. We will use the
following result several times:
Fact 4.1. (Ramras, see [33, 2.4 and 2.5]) Let R be BNSI. Suppose ExtiR(M, R) = 0 for some i ≥ 2.
Then M is free. Also, finitely generated weakly reflexive modules are free.
The following extends Lam’s prediction:
Corollary 4.2. Let (R,m) be a local ring such that µ(m) > 1 and suppose R is one of the following types:
i) R := k[X1,...,Xm]
(X1,...,Xm)n
, or
ii) R is such that m2 = 0.
Then the only examples of nonzero reflexive modules are the free modules Rℓ for some ℓ ∈ N. Also, over
k[X]
(X)n
there is no difference between finitely generated modules and reflexive modules.
5Proof. LetM be reflexive. Recall that over any commutative artinian ring, every reflexive module
is finitely generated. Hence, M is finitely generated. By [33, 3.3], k[X1,...,Xm]
(X1,...,Xm)n
is BNSI provided
m > 1. Also, in the second case, the ring R is BNSI, see the proof of Fact 3.1. In the light of Fact
4.1,M is free and of finite rank. For the last claim its enough to note that k[X]
(X)n
is zero-dimensional
and Gorenstein (see Observation 2.1). 
The following extends [27, Proposition 2 and 4] and [43, Proposition 2.4] by a new proof.
Corollary 4.3. Let (R,m) be a local ring such that m2 = 0. If µ(m) 6= 1, then R is BNSI. In particular,
i) if ExtiR(M, R) = 0 for some i ≥ 2, then M is free,
ii) any finitely generated weakly reflexive module is free,
iii) there is no difference between reflexive modules and free modules of finite rank,
iv) there is no difference between skew Gorenstein modules and free modules of finite rank,
v) there is no difference between strongly reflexive modules and free modules of finite rank.
Proof. Since m2 = 0 and m 6= 0, we have m ⊆ (0 : m) ⊆ m, i.e., (0 : m) = m. We apply this to see
dimk
(0:m)+m2
m2
= dimk(
m
m2
) = µ(m) > 1. Let M be nonfree. By Auslander-Buchsbaum formula,
p. dim(M) = ∞ because depth(R) = 0. In particular, all betti numbers are nonzero. We recall
from [12, Proposition 2.4] that βi+1(M) ≥ (dim
(0:m)+m2
m2
)βi(M) for all i ≥ 1. Since βi(M) 6= 0
and dimk
(0:m)+m2
m2
> 1 we have (dimk
(0:m)+m2
m2
)βi(M) > βi(M). We combine these to see
βi+1(M) ≥ (dimk
(0 : m) +m2
m2
)βi(M) > βi(M)
for all i ≥ 1. By definition, R is BNSI. Fact 4.1 yields i) and ii). LetM be reflexive. Recall that over
any commutative artinian ring, every reflexive module is finitely generated. Hence,M is finitely
generated. By Fact 4.1, we get iii). Let M be skew Gorenstein. By i), M∗ is free. In general freeness
of (−) can not follow from (−)∗. If depth of a ring is zero this happens (see [33, Lemma 2.6]).
Since depth(R) = 0, we conclude that M is free. It remains to prove v): This is trivial, because
strongly reflexive modules are reflexive and by iii) reflexive modules are free. 
Let (R,m, k) be any Gorenstein ring with m3 = 0 which is not field. Then k is totally reflexive
but it is not free. To find nonfree totally reflexive modules over non-Gorenstein ring with m3 = 0
it is enough to look at [43]. The following extends and corrects [18, Examples (3)] where it is
shown that weakly Gorenstein modules are free without assuming m2 6= (0 : m).
Corollary 4.4. Let (R,m) be local ring such that m3 = 0, µ(m) > 1 and that m2 6= (0 : m). Then R is
BNSI. For finitely generated modules we have:
weakly Gorenstein ⇔ homologically reflexive⇔ totally reflexive
⇔
strongly reflexive ⇔ reflexive⇔ weakly reflxive⇔ skew Gorenstein⇔ free
Proof. The claim in the case m2 = 0 is in Corollary 4.3 (here, we used the assumption µ(m) > 1).
Without loss of the generality we may assume that m2 6= 0. Let M be non-free. In view of [22,
Lemma 3.9] βi(M) > βi−1(M) for i > 0. By definition, R is BNSI. In view of Fact 4.1 we see all
6of the equivalences except the skew Gorenstein property. Suppose M is skew Gorenstein. In the
same vein and similar to Corollary 4.3, we see that M is free. 
Freeness of weakly Gorenstein modules over
Q[X,Y]
(X2,XY,Y3)
follows from [32, Corollary 4.8]. What
can say on freeness of reflexive modules? We have:
Example 4.5. Let R := Q[X,Y]
(X2,XY,Y3)
. Then any reflexive module is free.
Proof. LetM be any reflexive. Since dim R = 0,M is finitely generated. We have m = (x, y) and
that m3 = (x3, x2y, xy2, y3) = 0. Let us compute the socle. By definition,
(0 : m) = (0 : x) ∩ (0 : y) = (x, y)∩ (x, y2) = (x, y2).
Clearly, (0 : m) 6= m2. In view of Corollary 4.4,M is free. 
Freeness of totally reflexive is not enough strong to deduce freeness of reflexive:
Example 4.6. Let R := Q[[X,Y,Z]]
(XY,XZ)
. Then totally reflexive are free and there is a reflexive module
which is not free.
Proof. The ring R is the fiber product Q[[X]]×Q Q[[Y,Z]] (see [31, Ex. 3.9]). Since the ring is not
Gorenstein (e.g. it is not equi-dimensional) and is fiber product, any totally reflexive is free, see
[32, Corollary 4.8]. Now, we look at M := R
(y,z)
. We have,
Hom(M, R) ≃ {r ∈ R : r(y, z) = 0} ≃ xR ≃ R/(0 : x) = R/(y, z) = M.
From this, M ≃ M∗∗. By [10, 1.1.9(b)] a finitely generated module is reflexive if it is isomorphic
to its bidual. So, M is reflexive. Since it annihilated by (y, z)we see that it is not free. 
Subsection 4.B: freeness of totally reflexive modules.
Definition 4.7. We say a local ring is eventually BNSI if there is an ℓ ≥ 1 such that for every
non-free module M we have βi(M) > βi−1(M) for i > ℓ.
Example 4.8. Let (A, n) be a regulae local ring of dimension n > 1 and f ∈ n be nonzero. Let
R := Afn . The following assertions hold:
i) Any finitely generated totally reflexive module is free.
ii) For every non-free module M we have:
. . . > βn+2(M) > βn+1(M) > βn(M) ≥ βn−1(M) ≥ . . . ≥ β1(M).
iii) Let D(−) be the Auslander transpose and let M := D( f R). Then
. . . > βn+2(M) > βn+1(M) > βn(M)
≥ βn−1(M) ≥ . . . ≥ β3(M) = n
> β2(M) = β1(M) = 1
< n = β0(M).
* In fact, f R is non-free but reflexive.
*The paper [3, 3.5] claims that βi+1(−) > βi(−) for all i > depth(R) over any Golod ring R which is not hyper-surface
and all modules of infinite projective dimension. This is in contradiction with iii). I feel that [3] has a misprint and the
mentioned result should be stated that βi+1(−) > βi(−) for all i > emb(R).
7In particular, the ring R is eventually BNSI but is not BNSI.
The fact that f R is reflexive is due to Ramras by a different argument. Also, part i) extends [37,
Example 5.1] in three directions via a new argument.
Proof. i) The ring R is Golod. Note that codepth(R) := emb(R) − depth R = n − 0 > 1. Rings
of codepth at most one are called hyper-surface. Avramov and Martsinkovsky proved, over a
Golod local ring that is not hyper-surface, that every any module of finite Gdim is of finite p. dim.
Also, this is well-known that Gdim is the same as of p. dim provided p. dim is finite. By this, any
finitely generated totally reflexive module is free.
ii) Since depth(R) = 0 any non-free is of infinite projective dimension. Lescot proved over a
Golod ring R which is not hyper-surface, βi(M) > βi−1(M) for i > emb(R) and all M of infinite
projective dimension (see [23, 6.5]). Also [33, Proposition 3.4] says that the betti sequence is not
decreasing. By these, βn+i(M) > . . . > βn+1(M) > βn(M) ≥ βn−1(M) ≥ . . . ≥ β1(M).
iii) By [33, Proposition 3.5], R is not BNSI. It follows from ii) that there is a non-free module
N and some i < n such that βi+1(N) = βi(N). Let us find them. Let n := (X1, . . . ,Xn). Since
(0 :R f ) = m the minimal presentation of f R is R
n → R→ f R→ 0. Apply Hom(−, R) we have
0 −→ ( f R)∗ −→ R∗ ≃ R −→ Rn ≃ (Rn)∗ −→ D( f R) −→ 0 (⋆)
Then R −→ Rn is the minimal presentation of D( f R) if ( f R)∗ has no free direct summand. Since
depth R = 0 and in the light of [33, Lemma 2.6], ( f R)∗ has no free direct summand. This implies
that R
ϕ
−→ Rn → D( f R) → 0 is the minimal presentation of D( f R), where ϕ := (x1, . . . , xn).
Since
ker(ϕ) =
⋂
Ann(xi) = (0 : m) = f R (⋆, ⋆)
we see that R
f
−→ R
ϕ
−→ Rn → D( f R) → 0 is part of the minimal free resolution of D( f R). That
is β2(D( f R)) = β1(D( f R)) = 1 < n = β0(D( f R)). Similarly, β3(D( f R)) = µ(0 : f ) = µ(m) = n.
It follows from (⋆) and (⋆, ⋆) that ( f R)∗ = f R. Consequently, f R is reflexive. Since m annihilated
f R we deduce that f R is not free.
By ii) the ring is eventually BNSI. By iii) R is not BNSI. 
Lemma 4.9. Let R be a local ring of depth zero. Suppose there is ℓ such that the betti sequence βi(M) >
βi−1(M) for i > ℓ and all nonfree totally reflexive module M. Then βi(M) > βi−1(M) for i > 0.
Proof. The idea is taken from [34]. We look at the minimal free resolution · · · → Rβi(M
∗) → · · · →
Rβ0(M
∗) → M∗ → 0. Since M is totally reflexive Ext+(M∗, R) = 0. By duality, there is an exact
sequence
0 −→ M∗∗ ≃ M −→ Rβ0(M
∗) d0−→ Rβ1(M
∗) d1−→ . . .
We set N := ker(dℓ+1). We note βi(M) = βi+ℓ(N). Since M is totally reflexive and in view of
0 → M → Rβ0 → . . . → Rβℓ → N → 0, we deduce that N is of finite G-dimension. It follows
from Auslander-Bridger-formula that N is totally reflexive. By the assumption, βi(N) > βi−1(N)
for i > ℓ. From this we get βi(M) > βi−1(M) for i > 0. 
8Remark 4.10. Depth of any eventually BNSI ring is zero. Indeed, suppose there is a regular element
x. In view of the exact sequence 0→ R→ R→ R/xR→ 0 we see that βi(M) = βi−1(M) = 0 for
i > 1, a contradiction.
Problem 1.1 specializes (see [3, Page 402]): When totally reflexive modules are free?
Corollary 4.11. Let R be eventually BNSI. Then any finitely generated totally reflexive module is free.
Example 4.8 shows that one can not replace totally-reflexivity with the reflexivity. This can
follows from [3]. However, the following proof is so easy:
Proof. There is ℓ such that βi(M) > βi−1(M) for i > ℓ and all non-free M. Due to the above
remark, depthR = 0. In view of Lemma 4.9 we can take ℓ = 0 provided M is totally reflexive
and non-free. Since depth R = 0 and in the light of [33, Lemma 2.6], M∗ is not free. Since M∗
is not free, D(M) is not free. Let F1 → F0 → M → 0 be a minimal presentation of M. We
observed that 0 → M∗ → F∗0 → F
∗
1 → D(M) → 0 provides a minimal presentation of D(M).
Recall that Gdim(−) = 0 if and only if Gdim(D(−)) = 0. By this D(M) is totally reflexive. Also,
β0(M
∗) = β2(D(M)) > β1(D(M)) = β0(M). Another use of the former observation implies that
β0(M) = β0(M
∗∗) > β0(M
∗) > β0(M). This is a contradiction that we searched for it. 
The above argument shows a little more:
Remark 4.12. Let R be a local ring. Suppose there is ℓ such that βi(M) > βi−1(M) for i > ℓ and all
nonfree totally reflexive module M. Then, any finitely generated totally reflexive module is free.
Proof. We assume depth(R) > 0. Let M be totally reflexive. Suppose on the contradiction that
M is not free. It turns out that M is of infinite projective dimension. Without loss of generality
we may assume that M has no free direct summand (any direct summand of weakly reflexive
module is weakly reflexive). If M∗ has a free direct summand, then its dual M∗∗ has a free direct
summand, and in view of M ≃ M∗∗ we get a contradiction. We proved that M∗ has no free
direct summand. Without loss of generality we may assume that ℓ > depth R. We look at the
minimal free resolution · · · → Rβi(M
∗) → · · · → Rβ0(M
∗) → M∗ → 0. Since M is totally reflexive
Ext+(M∗, R) = 0. By duality, there is an exact sequence 0 → M∗∗ ≃ M −→ Rβ0(M
∗) d0−→
Rβ1(M
∗) d1−→ · · · . We set N := ker(dℓ+1). Since M is of finite Gdim and in view of 0 → M →
Rβ0 → . . . → Rβℓ → N → 0, we deduce that N is of finite G-dimension. Due to the exact
sequence we have ExtiR(N, R) = Ext
ℓ−i(M∗, R) for all 0 < i ≤ depth R, this is zero because M is
totally reflexive. Recall that Gdim(N) = sup{i : ExtiR(N, R) 6= 0} and that Gdim is bounded by
depth provided it is finite. We combine these to see that Gdim(N) = 0. Also, p. dim(N) = ∞,
because p. dim(M) = ∞. By the assumption, βi(N) > βi−1(N) for i > ℓ. From this we get
βi(M) > βi−1(M) for i > 0. In particular, we can take ℓ = 0. Suppose on the contradiction that
p. dim(M∗) < ∞. It follows that p. dim(M∗) = sup{i : ExtiR(M
∗, R) 6= 0}. This is zero because
M is totally reflexive. Freeness pass to dual. From this, M ≃ M∗∗ is free, a contradiction. Let
F1 → F0 → M → 0 be a minimal free resolution of M. Then we have 0 → M
∗ → F∗0 → F
∗
1 →
D(M) → 0. Apply this to see p. dim(D(M)) = ∞. Also, F∗0 → F
∗
1 → D(M) → 0 is the minimal
presentation of D(M), because M∗ has no free direct summand. Recall that Gdim(D(M)) = 0.
9We have β0(M
∗) = β2(D(M)) > β1(D(M)) = β0(M). Another use of the former observation
implies that β0(M) = β0(M
∗∗) > β0(M
∗) > β0(M), a contradiction. 
One may like a ring for which every non-free module M there is an ℓ(M) such that βi(M) >
βi−1(M) for i > ℓ(M). We say a such ring is weakly BNSI. This property is not enough strong to
deduce freeness from the totally reflexiveness:
Observation 4.13. Let (R,m) be a Gorenstein local ring such that m3 = 0 and µ(m) > 2. Then R is
weakly BNSI. Also, there is a nonfree totally reflexive module.
Proof. Ifm2 were be zero then we should have (0 : m) = m. Since the ring is Gorenstein, it follows
that µ(m) = 1. This excluded by the assumption. We assume that m2 6= 0. We set n := µ(m).
Since m3 = 0 we see that 0 6= m2 ⊂ (0 : m). Since dim(Soc(R)) = 1, we have ℓ(m2) = 1. It follows
that ℓ(R) = 1+ ℓ(m) = 1+ ℓ(m/m2) + ℓ(m2) = n+ 2. Recall from [14, Proposition 2.2] that
Fact A) Let (A, n) be an artinian ring and N be finitely generated. Let h be the smallest i such
that ni+1 = 0. Then βi+1(N) ≥ (2µ(n)− ℓ(A) + h− 1)βi(N) for all n ≥ µ(N).
Since m3 = 0 we have h = 2. Also, 2µ(m)− ℓ(R) + h− 1 = 2n− (n+ 2) + 2− 1 = n− 1 ≥ 2. Let
M be nonfree. By Auslander-Buchsbaum formula, βi(M) 6= 0 for all i. In view of Fact A) we see
βi+1(M) ≥ 2βi(M) > βi(M) for all i ≥ µ(M). By definition, R is weakly BNSI. Every non-free
module M is totally reflexive (e.g. the residue field), because the ring is Gorenstein. 
Example 4.14. The ring R := Q[[X,Y,Z]]
(X2−Y2,Y2−Z2,XY,YZ,ZX)
is weakly BNSI.
Proof. This is a folklore example of a Gorenstein ring. Also,m3 = 0 and µ(m) = 3. By Observation
4.13 R is weakly BNSI. 
Subsection 4.C: Freeness of weakly Gorenstein modules. Here, modules are finitely generated.
Observation 4.15. (After Menzin-Yoshino) Let (R,m, k) be non-Gorenstein Cohen-Macaulay ring
of minimal multiplicity and k be infinite. The following assertions hold:
i) If ExtiR(M, R) = 0 for all 1 ≤ i ≤ 2 dim R+ 2, then M is free. In particular,
strongly reflexive⇔ homologically reflexive⇔ weakly Gorenstein⇔ totally reflexive⇔ free
ii) The modules in part i) are equivalent with skew Gorenstein if and only if dim R = 0.
iii) Suppose in addition that the ring is complete and quasinormal. Then there is a nonfree
reflexive module.
It may be nice to give an example of (iii): For example, any 2-dimensional non-Gorenstein
normal local domain with a rational singularity (see [31, Example Example 4.8]).
Proof. i) The first claim is in [27, Proposition 7]. In particular, homologically reflexive ⇔
weakly Gorenstein⇔ totally reflexive⇔ free. SupposeM is strongly reflexive. Since Ext+(M∗, R) =
0 and in view of the first part we see M∗ is free. This yields the freeness of M∗∗. By the assump-
tion, M ≃ M∗∗. Consequently, M is free.
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ii) If R is artinian, then m2 = 0 and desired claim is in Corollary 4.3. Suppose R is not artinian.
Due to the Cohen-Macaulay assumption, depth(R) = dim R > 0. We look at M := R/m⊕ R. It
follows that M∗ ≃ R. Hence, Ext+R (M
∗, R) = 0. Thus, the nonfree module M is skew Gorenstein.
iii) Since R is Cohen-Macaulay and homomorphic image of a Gorenstein ring it posses a canon-
ical module ωR. In general, canonical module is not reflexive. However, there is a situation for
which canonical module is reflexive. Indeed, Vasconcelos proved that:
Fact A) Over quasi-normal rings, a necessary and sufficient condition for M to be reflexive is that
every R-sequence of two or less elements be also an M-sequence.
The canonical module is maximal Cohen-Macaulay. Due to Fact A) we see ωR is reflexive. How-
ever, ωR is not free, because the ring is not Gorenstein. 
Following [31], we say R is quasi-decomposable if m contains an R-sequence x (the empty set
allowed) such that the module m/xR decomposes into nonzero submodules. The following may
extend [31, Corollary 6.8] (and [32, 4.8]) by presenting a bound:
Proposition 4.16. Let (R,m, k) be a non-Gorenstein quasi-decomposable local ring. The following holds
i) If ExtiR(M, R) = 0 for all 1 ≤ i ≤ 6+ 3 depthR, then M is free. In particular,
strongly reflexive⇔ homologically reflexive⇔ weakly Gorenstein⇔ totally reflexive⇔ free
ii) There are situations for which reflexive are free.
iii) Suppose in addition that R is complete and quasi-normal, there are reflexive modules that are not
free.
Proof. i) Suppose first thatm = I ⊕ J. This translates to R ≃ R/I ×k R/J. In view of [31, Corollary
6.3] we see p. dim(M) ≤ 1. If projective dimension a module (−) were be finite, then it should
be equal to sup{i : ExtiR(−, R) 6= 0}. We call this property by (∗). From this, M is free. Now,
suppose that there is a nonempty set x = x1, · · · , xn of R-sequence such that the module m/xR
is decomposable. Let n := µ(M) and look at 0 → Syz(M) → Rn → M → 0. Note that x1 is
regular over Syz(M). Let (−) := −⊗ R/x1R. By the standard reduction, Ext
i
R
(Syz(M), R) = 0
for all 1 ≤ i ≤ 6+ 3 depthR− 2, see [27, Proposition 7] for more details. By induction, Syz(M) is
projective over R. Let m := µ(Syz(M)) and apply (−) to 0 → Syz2(M) → R
m → Syz(M) → 0.
This in turn implies that Syz2(M) = 0. By Nakayama, Syz2(M) = 0. By definition, Syz(M) is
projective, and consequently p. dimR(M) ≤ 1. Again we use (∗) to deduce that p. dimR(M) = 0.
ii) Remark that R1 := k[x, y]/(x
2, xy, y3) is the fiber product k[x]/(x2) and k[y]/(y3) over k. In
view of Example 4.5 reflexive modules over R1 are free.
iii) It is shown in [31] that the ring presented in Observation 4.15 is quasi-decomposable. In
view of Observation 4.15(iii) we can find a reflexive module which is not free. 
5. REFLEXIVITY OF MULTI DUAL
For simplicity, we set Mℓ∗ := M
ℓ−times︷ ︸︸ ︷
∗ . . . ∗ and we put Mℓ∗ := M if ℓ = 0. Reflexivity of M∗ is
subject of [8, 1.3.6]. Over any non-Gorenstein artinian local ring, dual of the residue field is not
reflexive. Despite of this, and as a motivation, we recall the following result of Vasconcelos:
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Fact 5.1. Over quasi-normal rings, M∗ is reflexive. In particular, Mℓ∗ is reflexive for all ℓ ∈ N.
The following extends [21, Page 518] where Lam worked with
k[x,y]
(x,y)2
and M := k.
Corollary 5.2. Let 0 6= M be any nonfree over one of the following local rings:
i) R := k[X1,...,Xm]
(X1,...,Xm)n
with m > 1, or
ii) R is such that m2 = 0 and µ(m) > 1, or
iii) R := Q[X,Y]
(X2,XY,Y3)
.
Then Mℓ∗ is not reflexive for all ℓ ∈ N0.
Proof. Wemay assume ℓ ∈ N. We argue by induction on ℓ. Without loss of the generality we may
assume that ℓ = 1.
Claim A) Let (S, n) be an artinian local ring and N 6= 0 be finitely generated. Then N∗
is nonzero. Indeed, since N is finitely generated and nonzero, Ass(Hom(N, S)) =
Supp(N)∩Ass(S) = {n}. In particular, N∗ 6= 0.
In view of Claim A), we see that M∗ is nonzero. One may find easily that M∗ is finitely gener-
ated. Suppose on the contradiction that M∗ is reflexive. The ring R is BNSI (see §4). By Fact 4.1,
M∗ is free. Since 0 ≤ depth(R) ≤ dim(R) = 0 we have depth(R) = 0. If depth of a ring is zero,
then freeness descents from (−)∗ to (−), see [33, Lemma 2.6]. This immediately implies that M is
free which is excluded from the assumption. This is a contradiction. 
The above proof shows:
Observation 5.3. Let R be artinian BNSI and M be nonfree. Then Mℓ∗ is not reflexive.
It may be natural to ask:
Question 5.4. Let R be artinian non-Gorenstein and M be nonfree. When is Mℓ∗ (non-)reflexive?
Suppose the ring is artinian and M is nonfree. It is easy to see that lim sup
ℓ(Mn∗)
type(R)n
≤ ℓ(M).
Indeed, via induction on n, it is enough to show ℓ(M∗) ≤ type(R)ℓ(M). To show this it is enough
to use induction on ℓ(M), or see Menzin’s PhD-thesis. If the module is simple or R is Gorenstein,
then limn→∞
ℓ(Mn∗)
type(R)n
= ℓ(M). We ask:
Question 5.5. When does the limit limn→∞
ℓ(Mn∗)
type(R)n
exist? when is it equal to ℓ(M)?
In general, this is not the case:
Example 5.6. Let R be artinian non-Gorenstein and M be free. Then limn→∞
ℓ(Mn∗)
type(R)n
= 0.
Proof. Recall that Mn∗ = M for all n, since M is free. Also, type(R) > 1 because R is not Goren-
stein. Thus,
lim
n→∞
ℓ(Mn∗)
type(R)n
= lim
n→∞
ℓ(M)
type(R)n
= 0.

In particular, we consider to modules with no free direct summands:
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Example 5.7. Let R := Q[X,Y]
(X2,XY,Y3)
and M := m. Then limn→∞
ℓ(Mn∗)
type(R)n
6= ℓ(M).
Proof. Note that R = Q ⊕Qx ⊕Qy⊕Qy2 and (0 : m) = (x, y2). From this, type of R is 2. Also,
ℓ(m) = 3. Since xy = 0, we have
m = (x, y) = xR⊕ yR = R/(0 : x)⊕ R/(0 : y) = R/(x, y)⊕ R/(x, y2) (∗)
Now, we compute dual of R/(x, y2):
HomR(R/(x, y
2), R) = {r : r(x, y2) = 0} = (x, y) = m (∗, ∗)
We combine (∗) along with (∗, ∗) to see that m∗ = Q∗ ⊕m. We take another dual to see m∗∗ =
Q∗∗ ⊕m∗ = Q∗∗ ⊕Q∗ ⊕m. By an easy induction,
mn∗ = Qn∗ ⊕Q(n−1)∗⊕ . . .⊕Q∗ ⊕m (∗ ∗ ∗)
Recall that Q∗ = ⊕type(R)Q and that Q
n∗ = ⊕type(R)nQ = Q
2n . We put this along with (∗ ∗ ∗) to
see
ℓ(mn∗) =
n
∑
j=1
2j + ℓ(m) =
n
∑
j=0
2j + 2 =
1− 2n+1
1− 2
+ 2 = 2n+1 + 1.
Consequently, limn→∞
ℓ(Mn∗)
type(R)n
= limn→∞
2n+1+1
2n = 2 < 3 = ℓ(m). 
Example 5.8. Let R := Q[X,Y]
(X2,XY,Y2)
and M := m. Then limn→∞
ℓ(Mn∗)
type(R)n
= ℓ(M).
Proof. Note that R = Q⊕Qx ⊕Qy and (0 : m) = (x, y). From this, type of R is 2. Since xy = 0,
we have
m = (x, y) = xR⊕ yR = R/(0 : x)⊕ R/(0 : y) = R/(x, y)⊕ R/(x, y) = Q⊕Q
By an easy induction, mn∗ = Qn∗ ⊕Qn∗. Recall that Q∗ = ⊕type(R)Q and that Q
n∗ = Q2
n
. This
means that ℓ(mn∗) = 2n+1. Consequently, limn→∞
ℓ(Mn∗)
type(R)n
= limn→∞
2n+1
2n = 2 = ℓ(m). 
Proposition 5.9. Let R be such that m2 = 0 and M be a finitely generated module with no free direct
summands. Then limn→∞
ℓ(Mn∗)
type(R)n
= β0(M).
Proof. We may assume that m 6= 0. Due to [27, Proposition 1], ℓ(M∗) = ℓ(m)µ(M). We remark
that M∗ is torsion-less. It is submodule of a free module F. Let f : M∗ →֒ F. Then M∗ is a
first syzygy of coker( f ) with respect to a free resolution of coker( f ). Let Syz1(coker( f )) be the
first syzygy of coker( f ) with respect to the minimal free resolution of coker( f ). There are free
modules Rn and Rm (m ≤ n) such that Syz1(coker( f )) ⊕ R
m ≃ M∗ ⊕ Rn. By Krull-Schmidt
theorem over complete rings, M∗ ≃ Syz1(coker( f ))⊕ R
n−m. We recall from [33, Lemma 2.6] that
M∗ has no free direct summands, because M has no free direct summands and depth of the ring
is zero. We conclude that M∗ ≃ Syz1(coker( f )), and so that M
∗ ⊂ mF for some free module F.
In particular, mM∗ ⊂ m2F = 0. Hence µ(M∗) = dim( M
∗
mM∗ ) = dimM
∗ = ℓ(M∗). By repeating
this, Mn∗ has no free direct summands for all n ≥ 1. Also, ℓ(Mn∗) = µ(Mn∗) for all n ≥ 1.
By the mentioned result of Menzin, ℓ(M(n+1)∗) = ℓ(m)µ(Mn∗). An easy induction implies that
ℓ(M(n+1)∗) = ℓ(m)nµ(M∗). We use m2 = 0 to deduce ℓ(m) = type(R). Therefore,
lim
n→∞
ℓ(M(n+1)∗)
type(R)n+1
= lim
n→∞
type(R)nµ(M∗)
type(R)n+1
=
µ(M∗)
type(R)
=
ℓ(M∗)
ℓ(m)
= µ(M).
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
Corollary 5.10. In addition to Proposition 5.9 assume that M is torsion-less. Then limn→∞
ℓ(Mn∗)
type(R)n
=
ℓ(M).
Let (R,m) be non-Gorenstein such that m2 = 0 and M be a module with no free direct sum-
mands. Note that ℓ(R) 6= 2, i.e., (ℓ(R)− 1)2 − 1 6= 0. It follows by [27, Proposition 1] that
lim
i→∞
ℓ(ExtiR(M, R))
ℓ(R)i
= lim
i→∞
(ℓ(R)− 1)i−2β1(M)((ℓ(R)− 1)
2 − 1)
ℓ(R)i
= β1(M).
Let R be an artinian non-Gorenstein ring. We ask:
Question 5.11. When is the limit limi→∞
ℓ(ExtiR(M,R))
ℓ(R)i
exist?
The following extends the Third Dual Theorem, see [21, 19.38] (and it is well-known over abelian
groups, see [13, Ex. 12.11.(3)]):
Proposition 5.12. Let R be a local ring and M be weakly reflexive. Then Mℓ∗ is reflexive for all ℓ ∈ N.
Proof. In view of the Third Dual Theorem, we need to proof the claim only for ℓ := 1. To this end,
we take dual from M
ϕM
−→ M∗∗ → 0 to observe that 0→ M∗∗∗
(ϕM)
∗
−→ M∗. We look at M∗
ϕM∗−→ M∗∗∗
and realize that (ϕM)
∗ϕM∗ = 1M∗ . That is the monomorphism M
∗ ϕM∗−→ M∗∗∗ splits. We have
M∗∗∗ ≃ M∗ ⊕ coker(ϕM∗) ≃ M
∗ ⊕ ker((ϕM)
∗) ≃ M∗ ⊕ 0 ≃ M∗. By [10, 1.1.9(b)] M is reflexive if
it is isomorphic to its bidual. 
By (Sn) we mean the Serre’s condition.
Fact 5.13. (Masek) Let R be generically Gorenstein and (S1). Then M
ℓ∗ is reflexive for all ℓ ∈ N.
In particular, over reduced rings M∗ is reflexive.
For the simplicity, we present the proof:
Proof. Indeed, in the sense of Masek, R is 1-Gorenstein. Over a such ring, 2−torsionless is the
same as of 2−syzygy, see [25, Corollary 45]. Let F1 → F0 → M → 0 be a minimal presentation
of M. In view of 0 → M∗ → F∗0 → F
∗
1 → D(M) → 0 we see M
∗ is 2-syzygy. Thus, M∗ is
2−torsionless, and so reflexive. In view of the Third Dual Theorem, M∗...∗ is reflexive for all
ℓ ∈ N. 
Remark 5.14. We observed in 5.1 that the assumption on R in Fact 5.13 is important. Also, the
finitely generated assumption on M is important even over Z:
i) There is an abelian group G such that G∗ is not reflexive, see e.g. [11, XI, Theorem 1.13].
ii) There is a non-reflexive abelian group G such that G ≃ G∗∗, see [11, Page 355] (by [10,
Proposition 1.1.9] such a thing never happens in the setting of noetherian modules). The
origin proof uses topological methods.
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6. TREGER’S CONJECTURE
Here, modules are finitely generated. Over normal domains, freeness of rank-one reflexive
modules implies UFD. Over complete normal rings, freeness of reflexive modules of rank at most
two implies regularity, see [39, 2.14].
Remark 6.1. Let R be a (S1) and generically Gorenstein (e.g. reduced) local ring. Then reflexive
modules are free if and only if R is a regular ring of dimension at most two.
Proof. Over generically Gorenstein and (S1) rings second syzygy modules are reflexive modules
(see [25, page 5809]). Trivially, second syzygy modules are free if and only if R is regular and of
dimension at most two. 
Example 6.2. Let R := C[[x4, x3y, x2y2, xy3, y4]]. Then R is a complete normal domain of dimension
2 and every nonzero reflexive module decomposes into a direct sum of rank one submodules.
Recall that a module is indecomposable if it is non-zero and cannot be written as a direct sum
of two non-zero submodules.
Proof. Let A := C[[x, y]] and recall that R is the 4-Veronese subring of A. Recall that R can be
regarded as the invariant ring of cyclic group G := (g) of order 4. By [24, Proposition 6.2], any
indecomposable reflexive R-module is a direct summand of A as an R-module. Let Ai be the
invariant ring by gi. We left to the reader to check that each Ai is reflexive as an R-module and
of rank one. This is well-known that A = A0 ⊕ . . .⊕ A3. It follows from Krull-Remak-Schmidt
property that any indecomposable reflexive module is of rank one. 
The following demonstrates the role of 2-dimensional assumption in the Treger’s conjecture.
Observation 6.3. Let A := C[[X1, . . . ,Xn]] and let R be its m-Veronese subring. Any nonzero
reflexive module decomposes into a direct sum of rank one submodules if and only if n ≤ 2.
Proof. In the case n = 1, the ring R is regular and is of dimension one. Remark 6.1 shows that
reflexive modules are free. Also, the case m = 1 is trivial. The case n = 2 is a modification of
Example 6.2 (it may be worth to note that there is a geometric proof in [16, Lemma 1]). Next
we deal with n = 3 and m = 2. This is in [2, Theorem 4.1] that the canonical module of R
is generated by 3 elements and not less. Recall that ωR is of rank 1. However, if we pass to
its first syzygy we get a rank 2 indecomposable maximal Cohen-Macaulay module Syz(ωR). In
particular, Syz(ωR) is a reflexive module and of rank two. Since Syz(ωR) indecomposable, it does
not decomposable into a direct sum of rank one submodules. Finally we assume either n > 3 or
(n = 3 ≤ m). Again, we use a result of Auslander and Reiten ([2, Theorem 3.1]) to see there
are infinity many indecomposable maximal Cohen-Macaulay modules. Hence, there are infinity
many indecomposable reflexive modules. The classical group of R is Z/mZ. By definition, there
are finitely many rank one reflexive modules. Now, we find an indecomposable reflexive module
M of rank bigger than one. In particular, M is not direct sum of its rank one submodules. 
Proposition 6.4. Let R be a singular standard graded normal hypersurface ring of dimension 2 where k is
algebraically closed with char k 6= 2. Then R = k[x,y,z]
(x2+y2+z2)
(after a suitable linear change of variables) if
and only if every nonzero graded reflexive module decomposes into a direct sum of rank one submodules.
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Proof. Suppose every graded reflexive module is decomposable into a direct sum of rank one sub-
modules. Set C := Proj(R). By Serre’s criterion of normality ([17, Page 185]), C is a smooth pro-
jective plane curve. Also, C is of degree equal to d := deg( f ), see [17, Proposition I.7.6]. Also, C is
reduced, irreducible and connected. Recall that there is no difference between reflexive modules
and maximal Cohen-Macaulay modules. Maximal Cohen-Macaulay are locally free over punc-
tured spectrum and their are of constant rank, since R is domain and is regular over punctured
spectrum. In this regards, graded reflexive modules correspondence to vector bundles. Here, we
need R is finitely generated by R1 as an k-algebra (for more details see [17, Proposition II.5.15]).
In sum, we observed that any vector bundle on C is isomorphic to a direct sum of line bundles.
Again, we are going to use the fact that k = k: By [4, Theorem 1.1], C is isomorphic to P1. Recall
that genus is birational invariant, see [17, V.5.6.1]. Since C is smooth, gC =
(d−1)(d−2)
2 (see [17,
Ex. I.7.2]). This is zero, because gP1 = 0. This implies that d ≤ 2. It d = 1 this implies that
R is nonsingular which is excluded by the assumption. Then we may assume that d = 2. Since
char k 6= 2 and in view of [17, Ex. I.5.2] and after a suitable linear change of variables, C is defined
by x2 + y2 + z2 = 0.
Conversely, assume R = k[x,y,z]
(x2+y2+z2)
. In the sense of representation theory, R has singularity of
type A1. In particular, there are only two indecomposable Maximal Cohen-Macaulay modules.
Both of them are of rank one. The proof is now complete. 
The standard-graded assumption is really important:
Example 6.5. Any nonzero reflexive module over Rn :=
C[x,y,z]
(xn+y2+z2)
with n ≥ 2 decomposable
into a direct sum of rank one reflexive submodules (see [24, Example 5.25]). In fact any nonzero
indecomposable reflexive Rn-module is of rank 1. The same thing works for
C[[x,y,z]]
(xn+y2+z2)
.
Remark 6.6. Treger remarked that there are indecomposable reflexivemodules over R = k[[x,y,z]]
(x3+y5+z2)
of rank bigger than one, see [39, Remark 3.12] (here we adopt some restriction on the characteris-
tic). Let us determine the rank of such modules.
i) Let R be a complete 2-dimensional UFD which is not regular and containing a field. Then
any indecomposable reflexive module is of rank 1 ≤ i ≤ 6.
ii) Let R be a complete 2-dimensional ring of Kleinian singularities. Suppose any reflexive
module over R decomposes into a direct sum of rank one reflexive submodules. Then
R ≃ k[[x,y,z]]
(xn+y2+z2)
for some n > 1.
Proof. Since R is UFD, its classical group is trivial. This implies that any rank one reflexivemodule
is free. By Remark 6.1 there is a reflexive module which is not free. By this there is an indecom-
posable reflexive module of rank bigger than one.
i) Lipman proved over any algebraically closed field k of characteristic> 5 the only non-regular
normal complete 2-dimensional local ring which is a UFD is R = k[[x,y,z]]
(x3+y5+z2)
(see e.g. [17, Ex.
V.5.8]). For example in [7], there is a complete list of representatives of the isomorphism classes
of indecomposable maximal Cohen-Macaulay modules. The ranks are [1, 6].
ii) The proof of this is similar to i) and we left it to reader. 
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Remark 6.7. Let R = k[x0,...,x3]I be a singular standard graded normal ring of dimension 2 where
k = k with char k 6= 2. Suppose deg(R) ≤ 7. Then I can be generated by degree-two elements if
every nonzero graded reflexive module decomposes into a direct sum of rank one submodules.
Proof. Let C := Proj(R). We may assume that C is genus is zero, see Proposition 6.4. The case
deg(R) ≤ 4 follows from the following fact:
Fact (Treger-Nagel) Let X ⊂ Pn be an arithmetically Cohen-Macaulay variety of degree d and
codimension c > 1. Then the defining ideal is generated by forms of degree ⌈ dc ⌉.
For the simplicity we recall the following classification result: Let X ⊂ Pn be an irreducible and
reduced normal projective subvariety of dimension one and degree five which is not contained
in any hyperplane of Pn. Then X is one of the following four types: i) a curve of genus 6 in P2,
ii) a curve of genus 2 in P3, iii) an elliptic curve of degree 5 in P4, or iv) a rational normal curve
in P5. These are not isomorphic with C (we use the presentation of [38, page 4324]). The only
projectively normal curve of degree 6 in P3 not contained in any plane are of genus 3 or 4 (see [17,
Ex.V.6.6]). The same citation shows that the only projectively normal curve of degree 7 in P3 not
contained in any plane are of genus 5 or 6. The proof is now complete. 
7. REMARKS ON A QUESTION BY BRAUN
Question 7.1. (Braun, [6, Question 16]) Let (R,m) be a normal domain and I ✁ R a reflexive ideal
with idR(I) < ∞. Is I isomorphic to a canonical module?
By [6, Page 682], the only positive evidence we have is when R is also Gorenstein.
Proposition 7.2. Let R be an analytically normal domain of dimension 2 and I ✁ R be reflexive with
idR(I) < ∞. Then I isomorphic to a canonical module.
Proof. Due to the Serre’s criterion of normality, the ring is (S 2). Since dim R = 2, we see that R
is Cohen-Macaulay. In the light of Fact A) in Observation 4.15, depth I ≥ 2. Since dim R = 2
we deduce that I is maximal Cohen-Macaulay. We may assume that the ring is complete: Let
KR := HomR(H
2
m(R), E(R/m)). Then KR ⊗ R̂ ≃ KR̂ (see [42, Definition 5.6]). Also, recall that if
M⊗ R̂ ≃ N ⊗ R̂, then M is also isomorphic to N (see [42, Lemma 5.8]). Since R is complete and
Cohen-Macaulay, KR = ωR, in the sense that it is maximal Cohen-Macaulay module of type one
and of finite injective dimension. For the simplicity, we bring the following from [24, Proposition
11.7]:
Fact A) Let A be a Cohen-Macaulay local ring with canonical module ωA. If a module M is both
Maximal Cohen-Macaulay and of finite injective dimension, then M ≃ ⊕nωA for some n.
We apply the above fact to see I ≃ ⊕nωR for some n. Since the ring is domain, there are no pair
I1, I2 of nonzero subideals of I such that I1 I2 = 0. Thus, n = 1 and that I ≃ ωR. 
Proposition 7.3. Let R be an analytically normal domain and I✁ R be totally reflexive with idR(I) < ∞.
Then I isomorphic to a canonical module.
Proof. Due to Bass’ conjecture (which is a theorem), R is Cohen-Macaulay because there is a
finitely generated module of finite injective dimension. Due to the above argument, we may
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assume R is complete. By definition, totally reflexive are of zero G-dimension. By Auslander-
Bridger, depth(I) = Gdim(I) + depth(I) = depth(R) = dim(R). This says that I is maximal
Cohen-Macaulay. We apply Fact A) in Proposition 7.2 to see I ≃ ⊕nωR for some n. Since the ring
is domain, I ≃ ωR. 
8. DESCENT FROM THE ENDOMORPHISM RING AND TENSOR PRODUCT
In this section we apply the Serre’s condition (Sn) for modules. An R-module M satisfied (Sn)
if Mp is either maximal Cohen-Macaulay or 0 when ht(p) ≤ n, and depth(Mp) ≥ n if ht(p) > n
with the convenience that depth(0) = ∞. The results divided into two subsections.
Subsection 8.A: Descent from (to) the endomorphism ring. In [1, Proposition 4.6], there is a
criterion of reflexivity over normal local domains. Here, we prove this for Gorenstein rings:
Proposition 8.1. Let R be a Gorenstein ring. The following holds:
i) Assume Ext1R(M,M) = 0 and HomR(M,M) is reflexive. Then M is reflexive.
ii) If M is reflexive, thenHomR(M,M) is reflexive.
Proof. One can assume that the ring is local and M is nonzero.
i): We argue by induction on d := dim R. When d = 0, any module is totally reflexive.
Suppose, inductively, that d > 0 and that the result has been proved for Gorenstein rings of
smaller dimensions. By the inductive assumption, M is reflexive over the punctured spectrum.
Since HomR(M,M) is torsion-less, m /∈ Ass(HomR(M,M)) = Supp(M) ∩ Ass(M) = Ass(M).
If d = 1, this means that M is maximal Cohen-Macaulay. Since these modules over Goren-
stein rings are reflexive, we can assume that d > 1. It follows from definition that M is
(S1), i.e., M is torsion-less. We conclude that there is an exact sequence 0 → M → M
∗∗ →
L → 0. Since M is reflexive over the punctured spectrum, L is of finite length. In partic-
ular, Ass(L) ⊂ Supp(L) ⊂ {m} ⊆ Supp(M). We are going to show that L = 0. Keep
in mind that a module (−) is zero if Ass(−) = ∅. Since Ass(Hom(M, L)) = Supp(M) ∩
Ass(L) = Ass(L), we see L = 0 if and only if Hom(M, L) = 0. There is an exact sequence
0 → HomR(M,M) → HomR(M,M
∗∗) → Hom(M, L) → Ext1R(M,M) = 0. Since HomR(M,M)
is reflexive, depth(HomR(M,M)) ≥ 2. In the same vein, depth(M
∗∗) ≥ 2. In view of [1, Proposi-
tion 4.7], depth(HomR(M,M
∗∗)) ≥ 2. Suppose on the contradiction that Hom(M, L) 6= 0. Since
Hom(M, L) is artinian, depth(Hom(M, L)) = 0. We use the depth lemma to see that
depth(Hom(M, L)) ≥ {depth(HomR(M,M))− 1, depth(HomR(M,M
∗∗))} ≥ 1.
This contradiction shows that M is reflexive.
ii): Recall that M is (S2). Let p ∈ Supp(HomR(M,M)) of height at most two. Then p ∈
Supp(M). It follows from (S2) that Mp is maximal Cohen-Macaulay. Due to [1, Proposition 4.7],
depth(HomRp(Mp,Mp)) ≥ ht(p). This means that HomR(M,M)p is maximal Cohen-Macaulay.
Let p be of height greater than two. It follows from (S2) that depth(Mp) ≥ 2. Another use of [1,
Proposition 4.7] implies that depth(HomRp(Mp,Mp)) ≥ 2. This means that HomR(M,M) is (S2).
This condition over Gorenstein rings implies the reflexivity. 
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Proposition 8.1 (ii) is true over rings that are Gorenstein in codimension one. The Gorenstein
assumption in Proposition 8.1 i) is important:
Example 8.2. Let R := k[[X3,X4,X5]]. Recall that for any maximal Cohen-Macaulay module M,
Ext+R (M,ωR) = 0. Applying this for the canonical module, we have Ext
+
R (ωR,ωR) = 0. Also,
HomR(ωR,ωR) ≃ R is reflexive. By [19, 4.8], ωR is not reflexive.
The ring in the next result is more general than [1, Proposition 4.9]:
Lemma 8.3. Let R be local, M be locally free on the punctured spectrum of depth at least two such that
depth(HomR(M,M)) ≥ 3. Then Ext
1
R(M,M) = 0.
Proof. We have Ext1R(M,M) is of finite length. Suppose on the contradiction that Ext
1
R(M,M) 6=
0. Then depth(Ext1R(M,M)) = 0. Let x be M-regular and let C := ker(x : Ext
1
R(M,M) →
Ext1R(M,M)). We look at the exact sequence
0→ HomR(M,M)/xHomR(M,M)→ HomR(M,M/xM)→ C→ 0.
Note that depth( HomR(M,M)
xHomR(M,M)
) ≥ 2 and depth(HomR(M,
M
xM )) > 0. We use depth lemma to see
depth(C) ≥ {depth( HomR(M,M)
xHomR(M,M)
)− 1, depth(HomR(M,
M
xM ))} ≥ 1, a contradiction. 
The following deals with the reflexivity assumption of [9, Theorem 2.3] and may regard as a
generalization of [1, Theorem 4.4]:
Corollary 8.4. Let R be an abstract complete intersection of dimension at least 4. Suppose M is locally
free on the punctured spectrum and depth(HomR(M,M)) ≥ 4. The following are equivalent:
i) M is free,
ii) M is reflexive,
iii) Ext1R(M,M) = 0.
Proof. i)⇒ ii)⇒ iii) follows from Lemma 8.3.
iii) ⇒ i) Since HomR(M,M) is (S4), it is particularly (S2). This condition over Gorenstein
rings implies the reflexivity. We are in a position to apply Proposition 8.1(i). Due to Proposition
8.1(i) M is reflexive. This allow us to use [9, Theorem 2.3] to show M is free. 
Fact 8.5. (See [41, Theorem 3.1]) Let R be a one-dimensional Gorenstein ring and M a finitely
generated R-module. Then M is projective provided HomR(M,M) is projective.
Due to an example of Vasconcelos, nothing of Fact 8.5 can be obtained for higher-dimensional
Gorenstein rings. However, we show:
Proposition 8.6. Let R be a d-dimensional Gorenstein ring. Assume the following conditions:
i) ExtiR(M,M) = 0 for all 0 < i < d (there is nothing when d = 1),
ii) HomR(M,M) is projective.
Then M is projective.
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Proof. One can assume that the ring is local. We argue by induction on d. When d ≤ 1, the claim
is in Fact 8.5. Suppose, inductively, that d > 1 and that the result has been proved for Gorenstein
rings of smaller dimensions. Due to [1, Lemma 4.5],m is not the annihilator of a nonzero element
of M. Let x be a regular element both on R and on M. We set M := M/xM and we look at
0 → M
x
−→ M → M → 0 (∗). This implies that HomR(M,M) ≃ HomR(M,M) is free over
R := R/xR. First, we may assume d = 2. By Fact 8.5, M is free over R. We look at the minimal
free resolution of M, i.e., 0 → Syz(M) → F → M → 0. This induces TorR1 (M, R) → Syz(M) →
F → M → 0. Since TorR1 (M, R) = ker(x : M → M) = 0 and F ≃ M, we see Syz(M) = 0. By
Nakayama’s lemma, Syz(M) = 0. By definition, M is free. For simplicity, we may assume d = 3.
Again, (∗) induces the exact sequence 0 = Ext1R(M,M) → Ext
1
R(M,M) → Ext
2
R(M,M) = 0.
Hence Ext1R(M,M) = 0. On the other hand, we have Ext
1
R(M,M) ≃ Ext
1
R
(M,M), and conse-
quently, Ext1
R
(M,M) = 0. Due to the 2-dimensional case, we observe that M is free over R, and
so M is free over R. 
Example 8.7. The Gorenstein assumption in Proposition 8.6 is important. Indeed, let R be any
local complete Cohen-Macaulay ring which is not Gorenstein. We look at the canonical module.
Recall that Ext+R (ωR,ωR) = 0 and HomR(ωR,ωR) ≃ R. But, ωR is not projective.
Subsection 8.B: Descent from the tensor product. The following may extend [19, Theorem 3.1]
by weakening of (Sn) to (Sn−1).
Proposition 8.8. Let R be a hypersurface of dimension n > 2 and 0 6= M be of constant rank. If M⊗M
is (Sn−1), then M is free.
Proof. Note that Supp(M) = Spec(R). From this, Supp(M⊗M) = Spec(R). In the light of [19,
Theorem 3.1] we need to show depth(M⊗M) = n. Suppose on the contradiction that depth(M⊗
M) 6= n. Since M⊗M is (Sn−1), we deduce that depth(M⊗M) = n− 1. Since n > 2, M⊗M is
(S2). This condition over complete-intersection rings implies the reflexivity. Due to the reflexivity
we are in a position to use the Second Rigidity Theorem [19, Theorem 2.7] to see that Tor+i (M,M) =
0. This vanishing result allow us to apply the depth formula ([19, Proposition 2.5]):
depth(M) + depth(M) = depth(R) + depth(M⊗M) = n+ (n− 1).
The left hand side is an even number and the right hand side is odd. This is a contradiction. 
Remark 8.9. Having the constant rank in Proposition 8.8 is really needed: we look at R :=
Q[X,Y,Z,W]/(XY) and M := R/(xR). It is easy to see that Mℓ⊗ is (S2) (resp. reflexive) for all
ℓ > 0 but M is not free. Also, this shows that [29, Theorem 3.1] needs the extra assumption: the
module M has constant rank.
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